We consider the 2D Mott-insulator state of a 2D array of coupled finite size 1D Bose gases. It is shown that the momentum distribution in the lattice plane is very sensitive to the interaction regime in the 1D tubes. In particular, we find that the disappearance of the interference pattern in time-of-flight experiments is a clear consequence of the strongly interacting Tonks-Girardeau regime along the tubes. DOI: 10.1103/PhysRevLett.96.040403 PACS numbers: 05.30.Jp, 03.75.Hh, 03.75.Lm Remarkable developments in atomic cooling and trapping have triggered interest in strongly correlated atomic systems [1] [2] [3] [4] [5] . In particular, the physics of cold atoms in periodic potentials induced by laser standing waves (optical lattices) has attracted major attention, mostly due to its links to solid state physics [6] and due to the observation of the superfluid (SF) to Mott-insulator (MI) transition [7] in Munich experiments [8] .
Remarkable developments in atomic cooling and trapping have triggered interest in strongly correlated atomic systems [1] [2] [3] [4] [5] . In particular, the physics of cold atoms in periodic potentials induced by laser standing waves (optical lattices) has attracted major attention, mostly due to its links to solid state physics [6] and due to the observation of the superfluid (SF) to Mott-insulator (MI) transition [7] in Munich experiments [8] .
The reduction of spatial dimensionality in these systems is now a ''hot topic,'' in particular, with regard to the creation of 1D gases, where the interaction between particles becomes more important with decreasing gas density. For low densities or large repulsive interactions, the system enters the strongly interacting Tonks-Girardeau (TG) regime, in which dynamical and correlation properties of the bosons change drastically [9] [10] [11] [12] and acquire fermionic characteristics [13] . This regime requires tight transverse trapping, low atom numbers, and possibly the enhancement of interactions via Feshbach resonances [3, 9, 14] . In this sense, 2D optical lattices are favorable, since the onsite transverse confinement can be made very strong, and, for a sufficiently small tunneling rate, each lattice site behaves as an independent 1D system. Recent experiments on strongly correlated 1D gases have been performed along these lines [15] [16] [17] [18] [19] .
These studies motivate the analysis of an interesting physics in a (2D) array of coupled 1D Bose gases. In a 2D lattice, the coupling is provided by the intersite tunneling, and each lattice site is a 1D tube filled with bosonic atoms. This regime is easily achievable experimentally by lowering the lattice potential, and it represents the bosonic analog of 1D coupled nanostructures [20, 21] . As was first shown by Efetov and Larkin [22] , for infinitely long 1D tubes at zero temperature, any infinitesimally small tunneling drives the system into the superfluid phase. The gas then enters an interesting cross-dimensional regime, in which it presents 1D properties in a 3D environment [23, 24] . For tubes of finite length L, at a sufficiently small tunneling rate, the system can undergo a dimensional crossover to a 2D superfluid and then a phase transition from such a 2D superfluid state to the 2D Mott-insulator state [24] . Strictly speaking, this 2D MI phase requires a commensurable filling of the tubes, i.e., an integer average number of particles N per tube. Then the system of finitelength tubes at zero temperature is analogous to that of infinite tubes at a finite temperature T, and the critical tunneling t c for the T 0 phase transition to the MI phase can be obtained from the finite-temperature results of Ref. [22] by making a substitution 1=T ! L [25] .
In this Letter, we discuss the phase coherence properties of this 2D Mott-insulator state. This issue, highly relevant for ongoing experiments [15] [16] [17] [18] [19] , has not been previously addressed in these physical systems [24] . We show that the coherence properties are crucially influenced by correlations along the tubes and are drastically different from coherence properties of bosonic atoms in conventional 2D and 3D lattices of pointlike sites. In the latter case, studied experimentally through the observation of an interference pattern after switching off the confining potential [8, 26] , there is a phase coherence on a large length scale, maintained well inside the MI regime [26, 27] . For our 2D Mott insulator, this is the case only if 1D gases in the tubes are in the weakly interacting regime, whereas strong interactions along the tubes drastically reduce the intertube coherence length. This effect can be revealed in current experiments as a blurring of the interference pattern in time-of-flight measurements.
In the following, we consider a Bose gas at zero temperature in a 2D optical lattice, such that every lattice site can be considered as an axially homogeneous 1D tube of finite size L, with N nL being the number of particles per tube and n the 1D density. The tunneling between neighboring tubes is characterized by the hopping t, which depends on a particular lattice potential and atomic species employed. We label tubes by the index j and denote by x the coordinate along the tubes.
The action describing the coupled tubes has the form:
where j x; ; j x; are complex bosonic fields associated with the jth tube, the symbol hiji denotes nearest neighbors, and S j is the action describing the physics along the jth tube.
In the absence of tunneling, there are no correlations between different tubes, and the one-body Green function is diagonal:
The presence of tunneling between neighboring tubes, provided by the second term on the right-hand side of Eq. (1), modifies the momentum distribution. Above a critical tunneling amplitude t c , the system undergoes a phase transition from the 2D MI to a 2D SF phase [24] . This phase transition and the MI phase can be analyzed within the random phase approximation (RPA) (see, e.g., [28] ), successfully used in the studies of coupled 1D nanostructures [21] and spin chains [29] . Decoupling the tunneling term in the action (1) by using the HubbardStratonovich transformation and keeping only the leading quadratic terms yields the RPA Green function in the momentum-frequency representation:
withy ; q z being the quasimomentum in the lattice plane, Tq 2tcosq y a cosq z a, a is the lattice constant, and G 0 k; ! is the Fourier transform of the Green function (2) (hereinafter, we put @ 1):
The long-wavelength behavior of the Green function G 0 x; can be found using Luttinger liquid theory [30] . At zero temperature, employing a conformal transformation in order to take into account the finite size L of the tubes [28] , we obtain:
where v s ix, and v s is the sound velocity. The interactions enter Eq. (5) through the factor d 1=4K related to the interaction-dependent Luttinger parameter K. The Fourier transform of Eq. (5) yields
where the quantity Ip; is expressed through the hypergeometric function 3 F 2 :
Ip;
with p kL=2 and !L=2v s being the dimensionless momentum and frequency, respectively. Integrating Eq. (6) over !, one obtains the momentum distribution N 0 kL=2 R d!G 0 k; !=2 in the absence of tunneling:
which behaves as p 2dÿ1 for p * 1. The Luttinger liquid description employed here is valid for low momenta k n. Accordingly, the dimensionless axial momentum p kL=2, which is an integer number, should satisfy the inequality p N. The momentum distribution (8) 
For a given density n N=L, the critical tunneling is t c / L 2dÿ2 , and it vanishes for L ! 1.
Note that, with t c from Eq. (9), the Green function G in Eq. (3) becomes a universal function of the dimensionless quantities t=t c , p, qa, and . For the TG regime of 1D bosons in the tubes, the Luttinger parameter is K 1 and d 1=4. Then, as the chemical potential is mv 2 s 2 n 2 =2m, from Eq. (9) we obtain t c = ' 0:05N ÿ3=2 . For the weakly interacting regime, the Luttinger parameter in the 1D tubes is K 1 and Eq. (7) gives I0; 0 8K 1. In this regime, the chemical potential is mv 2 s 2 n 2 =mK 2 , and Eq. (9) then yields t c = ' 1=8N ÿ2 (as expected from the mean-field calculations for a 2D lattice of zero-dimensional sites [31] ). These results are in qualitative agreement with the recent calculations of Ho et al. [24] . One clearly sees that strong correlations along the tubes drastically shift the boundaries of the MI phase.
The momentum distribution for the coupled 1D tubes in the MI phase Nq; k is obtained by integrating the Green function (3) over the frequency. Our calculations show that only the lowest axial mode for which the momentum k 0 is significantly affected by the tunneling. The physical reason is that the k 0 mode is approaching the instability on approach to the critical tunneling t c , whereas k Þ 0 modes are still far from instability. This is reflected in the resonance character of the Green function (3) for k 0
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040403-2 and t ! t c . Our results in Fig. 1 show that the transverse distribution Nq; 0 corresponding to the k 0 axial mode is nonflat for any interaction regime along the tubes. In contrast, for k Þ 0 the quantity TqG 0 k; ! is always small. Therefore, expanding the right-hand side of Eq. (3) in powers of Tq up to linear order and integrating over !, we obtain an almost flat transverse momentum distribution for k Þ 0 modes: Nq; p=N0; p 1 ÿ Ad 2 =4p 2ÿd t=t c 2 ÿ P iy;z cosq i a, where the coefficient A is of order unity and the second (q-dependent) term is always very small.
We now turn to the discussion of the transverse quasimomentum distribution N ? q P k Nq; k. The summation over the axial modes changes the picture drastically compared to the distribution for a given k. As only the k 0 component is significantly affected by the tunneling, one can rewrite Eq. (3) in the form:
In the second term on the right-hand side of Eq. (10), we may use the Green function G 0 0; ! following from Eqs. (6) and (7). For k 0 (p 0), one can put the hypergeometric function 3 F 2 1 in Eq. (7), which gives I0; ' 4d=d 2 2 . Omitted terms give a very small relative correction of the order of d 3 < 1=4 3 . Hence, using Eq. (9), for the Green function at k 0 in the absence of tunneling, we have
Then, integrating Eq. (10) over , summing over the axial modes k, and imposing the normalization condition
for the first term on the righthand side, we obtain the transverse momentum distribution
normalized by the condition a=2 Fig. 2 , we depict the results of Eq. (11) for different values of the Luttinger parameter K. Because of the prefactor in the second term on the right-hand side of Eq. (11), the transverse momentum distribution strongly depends on the interaction regime along the tubes.
For the weakly interacting regime (d 1), the distribution N ? q is not flat even deep inside the MI phase [26] . Similar results have been obtained by means of quantum Monte Carlo calculations [27] for lattices of zerodimensional sites. In our case, only for rather low tunneling (t=t c & 0:1) the quasimomentum distribution becomes flat, and switching off the lattice potential should lead to a blurred picture such as that observed in Ref. [8] . Nonflat distributions in the MI phase such as those of Fig. 2 will manifest themselves through the appearance of interference peaks in the same type of experiment.
On approach to the TG regime, the quasimomentum distribution becomes progressively flatter. The main reason for this behavior is that, when the system becomes more interacting, the k 0 component is more depleted, contributing less to the total quasimomentum distribution. Therefore, if the 1D tubes approach the strongly interacting TG regime, in experiments such as those of Ref. [8] , the interference pattern will be essentially smeared out. One may expect a partial destruction of the interference pattern even for moderate values of the Luttinger parameter (see the curve for K 4 in Fig. 2) .
The random phase approximation used in our calculations was shown to be a good approximation for a wide range of parameters in coupled one-dimensional Heisenberg spin chains [29] . As in these systems, RPA is employed here to treat the transverse coupling between 1D tubes rather than treating the interparticle interactions. In our approach, the interactions are taken into account exactly within the Luttinger liquid theory. The RPA treatment of the tunneling consists of expansion of the action up to the quadratic order in fluctuations of the order parameter h j i. Close to the transition, higher order nonlinear terms become important, and we estimate their effect relying on the Ginzburg criterion [32] adapted to a quantum phase transition at zero temperature. We compare fluctuations of the order parameter in a volume determined by the correlation length (3), with the amplitude of the order parameter at which the quartic term becomes important. The latter is obtained from the four-point correlation function of each tube. Calculating numerically the four-point correlation function obtained by means of conformal field theory as outlined in Ref. [28] , we have found for the TG regime that the RPA is adequate for t c =t 3 1 ÿ t=t c 0:01. Hence, for t=t c < 0:9 the corrections to RPA are safely small. These corrections are even smaller for K > 1, and the RPA is valid for t closer to the transition point t c .
In conclusion, we have studied correlation functions (momentum distribution) of a 2D Mott-insulator state of a (2D) array of finite size 1D Bose gases at zero temperature. As found, only the component with the lowest momentum along the 1D tubes is affected by the intertube hopping, and, hence, only this component contributes to the formation of a finite-length intertube phase coherence. Consequently, the larger the interaction between particles in 1D tubes (larger depletion) is, the less pronounced the phase coherence (visibility of the interference fringes in time-of-flight experiments) is. Being maintained well inside the MI state for the weakly interacting regime along the tubes, the intertube coherence in the MI state is suppressed if the 1D gases in the tubes are in the strongly interacting TG regime. On approach to this regime, the quasimomentum distribution in the lattice plane becomes progressively flatter, leading to a blurring of the interference pattern after expansion. This effect represents a clear signature of the TG regime in the 1D tubes, and it can be observed in current experiments.
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